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Ring Constructions and Generation of the
Unbounded Derived Module Category
Charley Cummings
Abstract
Given the unbounded derived module category of a ring A, we consider the
triangulated subcategory closed under arbitrary coproducts generated by injec-
tive modules. Similarly we also look at the triangulated subcategory closed
under arbitrary products cogenerated by projective modules. For a ring con-
struction f(A), we ask whether A being generated by its injective modules
implies f(A) is also generated by its injective modules, and vice versa. Sim-
ilarly we ask the question with projective modules and cogeneration. In this
paper we show when these statements are true for ring constructions including
recollements, Frobenius extensions and module category equivalences.
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1 Introduction
In this paper we will be concerned with generation of the unbounded derived mod-
ule category via localising and colocalising subcategories. A localising subcategory
is a triangulated subcategory closed under arbitrary coproducts. Similarly a colo-
calising subcategory is a triangulated subcategory closed under arbitrary products.
If the (co)localising subcategory generated by a class of cochain complexes is the
entire unbounded derived module category, then we say these cochain complexes
(co)generate the ring.
It is well known that the derived module category of a ring is generated by its
projective modules, for one proof see [Ric18, Proposition 2.2], and cogenerated by
its injective modules. Here we consider the ‘opposite’ question. In particular, is a
ring A generated by its injective modules? If this is true, we say ‘injectives generate
for A’. Similarly is A cogenerated by its projective modules? If this is true, we say
‘projectives cogenerate for A’. This approach was first mentioned by Keller [Kel01]
in a talk where he pointed out an algebra satisfying ‘injectives generate’ would also
satisfy some of the homological conjectures, including the Nunke condition. Rickard
furthered this idea and proved ‘injectives generate’ and ‘projectives cogenerate’ both
imply the big finitistic dimension conjecture, [Ric18, Theorem 4.2, Proposition 5.2].
The big finitistic dimension conjecture is a generalisation of the little finitistic
dimension conjecture first stated by Bass in 1960, [Bas60]. The little finitistic di-
mension conjecture states that if A is a finite dimensional algebra over a field then
findim(A) <∞, where
findim(A) := sup{proj.dim(MA)|MA ∈ mod-A and proj.dim(MA) <∞}.
If the conjecture holds then many other homological conjectures follow including
the generalised Nakayama conjecture and Nunke condition. The big finitistic di-
mension is defined similarly and considers the projective dimension of allA-modules
(not necessarily finitely generated) with finite projective dimension. Rickard showed
that for A a finite dimensional algebra over a field, if injectives generate for A then
A satisfies the big finitistic dimension conjecture and hence also the little finitistic
dimension conjecture, [Ric18, Theorem 4.2]. Furthermore, if projectives cogenerate
for Aop then A satisfies the big finitistic dimension conjecture, [Ric18, Proposition
5.2].
The relationship between rings and various, usually more complicated, ring con-
structions has long been exploited to show they satisfy similar properties. In this
paper we consider the relationship between rings and various ring constructions
with regards to both ‘injectives generate’ and ‘projectives cogenerate’ properties. It
is known that forA a finite dimensional algebra over a field, if injectives generate for
A then projectives cogenerate for Aop, [Ric18, Proposition 5.1]. However the con-
verse statement remains unproved so throughout we state results for both injectives
generate and projectives cogenerate.
We start by recalling some definitions and well known results about localising
and colocalising subcategories in Section 2. In particular we focus on the interaction
of these triangulated subcategories with triangle functors.
In Section 3 we focus on our first ring construction, namely the tensor product
algebra. This straightforward example will showcase the techniques used in the rest
of the paper to prove ‘injectives generate’ and ‘projectives cogenerate’ statements.
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In Section 4 we show that equivalences at the module category level preserve the
properties ‘injectives generate’ and ‘projectives cogenerate’. In particular we prove
separable equivalence preserves both properties.
In Section 5 we consider Frobenius extensions. These well known extensions,
first defined by Kasch [Kas54], cover many standard examples of ring constructions
including strongly G-graded rings for G a finite group and excellent extensions. A
natural next step is to consider generalisations of excellent extensions in Section 6.
In particular we focus on finite normalising extensions and almost excellent exten-
sions defined by Xue [Xue96].
Finally in Section 7 we look at recollements, defined by Be˘ılinson, Bernstein
and Deligne [BBD82]. We prove generation and cogeneration results for bounded
above, bounded below and bounded recollements of both rings and finite dimen-
sional algebras. An example of a ring construction which gives rise to a recollement
is the triangular matrix ring. We show that for any rings B and C, and any (C,B)-
bimodule, if injectives generate (resp. projectives cogenerate) for B and C then
injectives generate (resp. projectives cogenerate) for their corresponding triangular
matrix ring. Hence to prove injectives generate for all finite dimensional algebras
over a field it suffices to consider quiver algebras such that the associated quiver has
a directed path between any two vertices.
Acknowledgement
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2 Preliminaries
In this section we fix some notation and discuss some results relating to localising
and colocalising subcategories of triangulated categories which will be used heavily
in the rest of the paper. Throughout this paper A, B and C will be unital rings and
we consider right modules unless otherwise stated. We will denote the collection
of finitely generated A-modules as mod-A and the collection of all A-modules (not
necessarily finitely generated) as Mod-A. Furthermore, the collection of indecom-
posable injective A-modules will be denoted as Inj-A and similarly the collection of
indecomposable projective A-modules denoted as Proj-A. The unbounded derived
module category of A will be denoted D (Mod-A) and for ∗ ∈ {−,+, b}, D∗ (Mod-A)
will denote the bounded above, bounded below and bounded derived module cat-
egories respectively. All complexes of A-modules will be cochain complexes. A
triangle functor will be a functor between derived categories which preserves the
triangulated structure.
There are many ways to generate the unbounded derived category of a ring, here
we focus on generation via localising and colocalising subcategories. First we recall
their definitions.
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Definition 2.1 ((Co)Localising Subcategory). Let A be a ring and S a collection of
objects of D (Mod-A).
• A localising subcategory is a triangulated subcategory of D (Mod-A) closed
under arbitrary coproducts. The smallest localising subcategory containing S
will be denoted Loc (S).
• A colocalising subcategory is a triangulated subcategory of D (Mod-A) closed
under arbitrary products. The smallest colocalising subcategory containing S
will be denoted Coloc (S).
There are some well known properties of localising and colocalising subcate-
gories which can be found in [Ric18, Proposition 2.1]. An important property we
will make use of is that both localising and colocalising subcategories are closed un-
der taking direct summands. Throughout this paper we investigate when a localising
subcategory or colocalising subcategory generated by some collection of objects S is
in fact the entire unbounded derived module category. If D (Mod-A) = Loc (S) then
we say S generates for A and similarly if D (Mod-A) = Coloc (S) then we say S co-
generates for A. It is well known that for any ring A, its unbounded derived category
D (Mod-A) is generated by the indecomposable projective A-modules and cogener-
ated by the indecomposable injectiveA-modules, see [Ric18, Proposition 2.2]. Since
a localising subcategory is closed under direct sums and summands, it immediately
follows that the regular module AA also generates for A. In fact this is true for any
generator of Mod-A and similarly any cogenerator of Mod-A cogenerates for A.
Definition 2.2 ((Co)Generator). Let A be a ring andMA an A-module.
• The moduleMA is a generator for Mod-A if for all A-modules NA there exists
an index set I and a surjective A-module homomorphism f :
⊕
i∈I MA → NA.
• The module MA is a cogenerator for Mod-A if for all A-modules NA there
exists an index set I and an injective A-module homomorphism f : NA →∏
i∈I MA.
Lemma 2.3. Let A be a ring andMA an A-module.
• If MA is a generator of Mod-A then MA generates for A, ie. Loc (MA) =
D (Mod-A).
• If MA is a cogenerator of Mod-A then MA cogenerates for A, ie. Coloc (MA) =
D (Mod-A).
Proof. Since MA is a generator of Mod-A, for every projective A-module PA there
exists an index set I such that f :
⊕
i∈I MA → PA is a surjective A-homomorphism.
As PA is projective, f splits and PA is isomorphic to a direct summand of
⊕
i∈I MA.
Thus all projectiveA-modules are isomorphic to a direct summand of a direct sum of
copies of MA. A localising subcategory is closed under direct sums and summands
so all projective A-modules are contained in Loc (MA) and Loc (MA) = D (Mod-A).
The second claim follows similarly using the injective A-modules and splitting of
monomorphisms.
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2.1 Functors
Most of the results in this paper rely on using functors which preserve properties of
localising and colocalising subcategories. Since the ideas will be mentioned often,
we collate them here.
Lemma 2.4. Let A and B be rings and let F : D (Mod-A)→ D (Mod-B) be a triangle
functor.
i) If F preserves arbitrary coproducts then the preimage of a localising subcategory
in D (Mod-B) is a localising subcategory in D (Mod-A).
ii) If F preserves arbitrary products then the preimage of a colocalising subcategory
in D (Mod-B) is a colocalising subcategory in D (Mod-A).
Proof. This is a straightforward exercise of applying the definitions of localising and
colocalising subcategories.
Proposition 2.5. Let A andB be rings and F : D (Mod-A)→ D (Mod-B) be a triangle
functor. Let S and T be collections of objects in D (Mod-A) and D (Mod-B) respectively.
i) Let S generate for A. If F preserves arbitrary coproducts and for all Si ∈ S,
F (Si) is in Loc (T ), then for all X ∈ D (Mod-A), F (X) is in Loc (T ).
ii) Let S cogenerate for A. If F preserves arbitrary products and for all Si ∈ S,
F (Si) is in Coloc (T ), then for all X ∈ D (Mod-A), F (X) is in Coloc (T ).
Proof. The first statement follows by Lemma 2.4. In particular, the preimage of
Loc (T ) under F is a localising subcategory. Furthermore, the preimage contains S
so it also contains Loc (S) = D (Mod-A). The second statement follows similarly.
2.2 Adjoint Functors
Adjoint pairs of functors are particularly rich in the various properties they preserve.
To make the best use of this theory we use homomorphism groups to categorise some
properties of cochain complexes. Most of these well known results can be found in
[Ric89, Proof of Proposition 8.1], [Koe91, Proof of Theorem 1] and [AHKLY17,
Lemma 2.4].
Lemma 2.6. Let A be a ring. Then the following hold:
i ) The complex X ∈ D (Mod-A) has homology bounded in degree if and only if
for all compact objects C ∈ D (Mod-A) (bounded complexes of finitely generated
projective A-modules), HomD(Mod-A) (C,X[n]) is non zero for finitely many n ∈
Z.
ii ) The complex I ∈ D (Mod-A) is isomorphic to a bounded complex of injectives if
and only if for all complexes with homology bounded in degree X ∈ D (Mod-A),
HomD(Mod-A) (X, I[n]) is non zero for finitely many n ∈ Z.
iii ) The complex P ∈ D (Mod-A) is isomorphic to a bounded complex of projectives if
and only if for all complexes with homology bounded in degree X ∈ D (Mod-A),
HomD(Mod-A) (P [n],X) is non zero for finitely many n ∈ Z.
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iv ) The complex X ∈ D (Mod-A) is isomorphic to a bounded below complex if and
only if for all bounded complexes of injectives I ∈ D (Mod-A), there exists N ∈ Z
such that HomD(Mod-A) (X, I[n]) = 0 for all n < N .
v ) The complex X ∈ D (Mod-A) is isomorphic to a bounded above complex if and
only if for all bounded complexes of projectives P ∈ D (Mod-A), there exists
N ∈ Z such that HomD(Mod-A) (P,X[n]) = 0 for all n > N .
Proof. We only prove (ii) as the others follow similar methods.
Firstly suppose I ∈ D (Mod-A) is isomorphic to a bounded complex of injectives
and let X ∈ D (Mod-A) be a complex with homology bounded in degree. Consider
HomD(Mod-A) (I,X[n]) for n ∈ Z. Since I is a bounded complex of injectives we can
pass to the homotopy category and instead work with HomK(Mod-A) (I,X[n]). Fur-
thermore, as both X and I are bounded in homology there are only finitely many
n ∈ Z such that for some l ∈ Z both Hl(X[n]) and (I)l are non zero. In particular
there are no homomorphisms from acyclic complexes to bounded complexes of in-
jectives. Hence there are only finitely many n ∈ Z such that HomK(Mod-A) (X[n], I)
can be non zero.
Now let us consider the other direction. Let Y ∈ D (Mod-A). Suppose that
for all complexes X ∈ D (Mod-A) with homology bounded in degree we have
HomD(Mod-A) (X[n], Y ) is non zero for finitely many n ∈ Z. Clearly the complex
given by the module A concentrated in degree 0 has homology bounded in degree.
Thus HomD(Mod-A) (A[n], Y ) is non zero for finitely many n ∈ Z. Hence the homol-
ogy of Y is also bounded in degree and Y is quasi-isomorphic to a bounded below
complex of injectives. Denote this bounded below complex of injectives as I with
differentials di for i ∈ Z. In particular note that I also has homology bounded in
degree. Consider the bounded complex given by the module K :=
⊕
i∈Z ker di con-
centrated in degree 0. Let n′ ∈ Z be such that for all N ≥ n′, I is exact at degree N
then ker dn′ is a direct summand of In′ . Thus the good truncation τ≤n′I is a bounded
complex of injectives which is still quasi-isomorphic to Y .
These criteria can be applied to adjoint functors to show they will preserve the
properties considered in Lemma 2.6.
Lemma 2.7. Let A and B be rings. Let (F,G) be an adjoint pair of triangle functors
such that F : D (Mod-A) → D (Mod-B) and G : D (Mod-B) → D (Mod-A). Then the
following hold:
i) If G preserves coproducts then F preserves compact objects.
ii) If F preserves compact complexes then G preserves complexes with homology
bounded in degree.
iii) If G preserves bounded complexes of injectives then F preserves both bounded and
bounded below complexes.
iv) If F preserves complexes with homology bounded in degree then G preserves both
bounded and bounded below complexes of injectives.
v) If F preserves bounded complexes of projectives then G preserves both bounded
and bounded above complexes.
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vi) If G preserves complexes with homology bounded in degree then F preserves both
bounded and bounded above complexes of projectives.
Proof. These results follow from adjunction and Lemma 2.6. Here we prove (ii) as
the others are similar.
Suppose F preserves compact objects. Note that, by Lemma 2.6, G preserves
complexes with homology bounded in degree if and only if for all X ∈ Db (Mod-B)
and C ∈ D (Mod-A) a compact object, we have HomD(Mod-A) (C,G(X)[n]) is non
zero for finitely many n ∈ Z. As (F,G) is an adjoint pair HomD(Mod-A) (C,G(X)[n]) is
isomorphic to HomD(Mod-B) (F (C),X[n]). In particular F preserves compact objects
so F (C) is a compact object. Thus, by Lemma 2.6, HomD(Mod-B) (F (C),X[n]) is non
zero for finitely many n ∈ Z. Hence G(X) is a complex with homology bounded in
degree.
3 Tensor Product Algebra
The first ring construction we consider is the tensor product of two finite dimen-
sional algebras A and B, over a field k. In particular we prove if injectives generate
for the two algebras then injectives generate for their tensor product and similarly
for projectives cogenerate. Firstly we recall a description of the injective and projec-
tive modules for a tensor product algebra.
Lemma 3.1. [Xi00, Lemma 3.1] Let A and B be finite dimensional algebras over a
field k. Let MA be an A-module and NB be a B-module.
i) IfMA is a projective A-module and NB is a projective B-module thenM ⊗k N is
a projective (A⊗k B)-module.
ii) IfMA is an injective A-module and NB is an injective B-module thenM ⊗k N is
an injective (A⊗k B)-module.
In particular the structure of these modules is functorial in either argument.
For a B-module YB define the functor FY := − ⊗k Y : Mod-A → Mod-(A ⊗k B).
Similarly for an A-module XA define GX := X ⊗k − : Mod-B → Mod-(A ⊗k B).
Since k is a field, for all YB and XA the functors FY and GX are exact. Hence
these functors are also triangle functors FY : D (Mod-A) → D (Mod-(A⊗k B)) and
GX : D (Mod-B)→ D (Mod-(A⊗k B)).
To show injectives generate for A⊗kB we note that when YB andXA are finitely
generated both FY and GX preserve arbitrary coproducts and arbitrary products so
we can use Proposition 2.5.
Proposition 3.2. Let A and B be finite dimensional algebras over a field k.
i) If injectives generate for A and B then injectives generate for A⊗k B.
ii) If projectives cogenerate for A and B then projectives cogenerate for A⊗k B.
Proof. Let injectives generate for A. Let XA be an A-module and JB a finitely gener-
ated injective B-module. Then we claim that X⊗k J ∈ Loc (Inj-(A⊗k B)). Note this
is equivalent to Loc (Inj-(A⊗k B)) containing the image of FJ . Let IA be an injective
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A-module. Then by Lemma 3.1, FJ (I) := I ⊗k J is an injective (A ⊗k B)-module.
Hence FJ preserves coproducts and FJ (Inj-A) is contained in Loc (Inj-(A⊗k B)).
Thus by Proposition 2.5 the image of FJ is contained in Loc (Inj-(A⊗k B)).
Now suppose injectives generate for both B and A. Let YB be a B-module and
consider the functor GA. By the previous argument for all injective B-modules JB ,
GA(J) = A ⊗k J = FJ(A) ∈ Loc (Inj-(A⊗k B)). Hence GA(Inj-B) is contained
in Loc (Inj-(A⊗k B)). Thus we apply Proposition 2.5 to show the image of GA is
contained in Loc (Inj-(A⊗k B)). Thus A⊗k B = GA(B) ∈ Loc (Inj-(A⊗k B)). Note
A⊗kB is a generator for Mod-(A⊗kB) so injectives generate for A⊗kB by Lemma
2.3.
The projectives cogenerate statement follows similarly by considering FP for PB
a finitely generated projective B-module and then GD(A) where D (A) is the dual of
A.
The converse to Proposition 3.2 will be shown as an application of the results
about finite normalising extensions considered in Section 6. In particular, the con-
verse statement follows immediately from Proposition 6.4.
4 Separable Equivalence
It is already known that if two algebras are derived equivalent then injectives gener-
ate for one if and only if injectives generate for the other [Ric18, Theorem 3.4]. This
implies that Morita equivalence also preserves ‘injectives generate’. Here we show
the result extends to both separable equivalence and stable equivalence of Morita
type. We only state the proof for separable equivalence as the other result follows
immediately. First we recall the definition of separable equivalence using the idea
of separably dividing rings.
Definition 4.1 (Separably dividing rings.). Let A and B be rings. Then B separably
divides A if there exist bimodules AMB and BNA such that:
i) The modules AM , MB , BN and NA are all finitely generated projectives.
ii) There exists a bimodule BYB such that BN⊗AMB ∼= B⊕BYB as B-bimodules.
Theorem 4.2. Let A separably divide B.
i) If injectives generate for A then injectives generate for B.
ii) If projectives cogenerate for A then projectives cogenerate for B.
Proof. Consider the adjoint functors − ⊗B NA and HomA (BN,−). Since both BN
and NA are projective, − ⊗B NA and HomA (BN,−) are exact. As HomA (BN,−)
has an exact left adjoint it preserves injective modules. Furthermore, the module
NA is a finitely generated projective so HomA (BN,−) also preserves coproducts.
Let injectives generate for A. Since HomA (BN,−) preserves injective mod-
ules and coproducts its image is contained in Loc (Inj-B) by Proposition 2.5. By
the tensor-hom adjunction HomB (N ⊗A M,B ) ∼= HomA (N,HomB (M, B)) as B-
modules and so HomA (N ⊗A M, B) ∈ Loc (Inj-B). Moreover, BN ⊗A MB ∼= B ⊕
BYB as B-bimodules. Thus HomB (N ⊗A M, B) ∼= B⊕HomB (Y, B) as B-modules.
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Recall localising subcategories are closed under direct summands so B ∈ Loc (Inj-B)
and injectives generate for B by Lemma 2.3.
Suppose projectives cogenerate for A. Since BN is a finitely generated projective
B-module it is finitely presented. Thus − ⊗B NA preserves arbitrary products. Fur-
thermore its right adjoint HomA (BN,−) is exact so − ⊗B NA preserves projective
modules. The result follows from the same proof as above.
Definition 4.3 (Separable Equivalence). Let A and B be rings. Then A and B are
separably equivalent if A separably divides B and B separably divides A.
Example 4.4. Let G be a group and H a Sylow p-subgroup of G. Let k be a field of
characteristic p. Then the group algebras kG and kH are separably equivalent using
the bimodules kGkGkH and kHkGkG; this was stated by Linckelmann [Lin11].
Corollary 4.5. Let A and B be separably equivalent rings.
i) Injectives generate for A if and only if injectives generate for B.
ii) Projectives cogenerate for A if and only if projectives cogenerate for B.
Proof. Since A and B are separably equivalent, A separably divides B and B sepa-
rably divides A.
5 Frobenius Extensions
It is well known that Frobenius algebras are self injective. In particular it is clear
that injectives generate for self-injective algebras. Hence in what follows we con-
sider a generalisation of Frobenius algebras, namely Frobenius extensions. Initially
Kasch [Kas54] defined free Frobenius extensions which were further generalised by
Nakayama and Tsuzuku [NT59], [NT60].
Definition 5.1 ((Free) Frobenius extension). Let A and B be rings, then A is a
ring extension of B, denoted as A/B, if there exists a unital ring homomorphism
f : A → B. A ring extension A/B is a (free) Frobenius extension if the following
are satisfied:
• The module AB is a finitely generated projective (free) B-module.
• The bimodule HomB (BA,AB) is isomorphic as a (B,A)-bimodule to BAA.
Note the second condition in the definition of Frobenius extensions implies that
the two functors, − ⊗B A and HomB (A,−) are isomorphic. In turn this means
− ⊗B A is both left and right adjoint to HomA (BA,−). Such a pair of functors is
called a strongly adjoint pair.
Example 5.2. There are many familiar examples of Frobenius extensions.
• Strongly G-graded rings for a finite group G. [BF93, Example B].
Let A be a ring and G a finite group. Denote the identity of G as 1 and the
identity slice of A as A1. Then A/A1 is a Frobenius extension. This collection
of graded rings includes skew group algebras, smash products and crossed
products for finite groups.
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• Excellent extensions.[HS12, Lemma 4.7].
An excellent extension is a ring extensionA/B such that A is rightB-projective
and the modules AB and BA are free with common basis a1, ..., an ∈ A. Note
that A is right B-projective [Pas77] if for all A-modules NA andMA such that
NA is a submodule of MA and NB a direct summand of MB we have NA is a
direct summand of MA.
For example the matrix ringMn(A) is an excellent extension of A.
• The endomorphism ring theorem. ([Kas54], [NT61, Theorem 22])
Let A/B be a Frobenius extension and denote C := EndB (A). Then C/A is
also a Frobenius extension.
It is well known that Frobenius algebras have the property that injective and
projective modules coincide. A Frobenius extension A/B has a similar property
when considering relatively B-injective and relatively B-projective modules. We
recall the definition here.
Definition 5.3 (Relatively projective/injective). Let A/B be a ring extension and
MA an A-module.
• The moduleMA is relatively B-projective if the counit map of the adjoint pair
(−⊗B A,HomA (BA,−)) splits.
• The module MA is relatively B-injective if the unit map of the adjoint pair
(HomA (BA,−) ,HomB (A,−)) splits.
For a generic ring extension A/B it is clear that any projective A-module is
relatively B-projective and similarly any injective A-module is relatively B-injective.
However when we are considering a Frobenius extension any projective A-module
is also relatively B-injective, and vice versa. In fact this holds true for a slightly
weaker extension, namely quasi-Frobenius extensions [Mu¨l64].
Lemma 5.4. [Kad99, Proposition 4.1] Let A/B be a Frobenius extension and MA an
A-module. ThenMA is relativelyB-projective if and only ifMA is relativelyB-injective.
Proof. Let MA be an A-module. Suppose MA is relatively B-projective, then the
counit map εM : M ⊗B A → MA defined by ε(m ⊗B a) := ma splits. Hence MA
is isomorphic to a direct summand of (M ⊗B A)A. Since HomB (AA,B B) ∼= A as
(B,A)-bimodules,M⊗BA ∼= HomB (AA,M) as A-modules. ThusMA is isomorphic
to a direct summand of HomB (AA,M).
The other direction follows similarly.
Proposition 5.5. Let A/B be a Frobenius extension.
i) If injectives generate for B then injectives generate for A.
ii) If projectives cogenerate for B then projectives cogenerate for A.
Proof. Since −⊗B A and HomB (A,−) are isomorphic they are both exact. Further-
more, as −⊗BA and HomA (BA,−) are a strongly adjoint pair of functors they both
preserve (co)products, injectives and projectives.
10
RING CONSTRUCTIONS AND GENERATION OF THE UNBOUNDED DERIVED MODULE CATEGORY
Suppose injectives generate forB. Since HomB (A,−) preserves both coproducts
and injective modules, the image of HomB (AA,−) is contained in Loc (Inj-A), by
Proposition 2.5. By Lemma 5.4 any projective A-module is relatively B-injective
hence AA is a direct summand of HomB (A, A) ∈ Loc (Inj-A).
The second statement follows similarly.
The original Frobenius extension Kasch [Kas54] defined also required AB to be
a free B-module. If AB is free then it is also a generator of Mod-B. With the added
assumption that AB is a generator, the converse of Proposition 5.5 also holds. It
should be noted that AB is not a generator of Mod-B for all Frobenius extensions; a
counterexample is given by Morita [Mor67, Example 7.1]. However of all the exam-
ples we have given only in the endomorphism ring example is AB not necessarily a
generator of Mod-B.
Proposition 5.6. Let A/B be a Frobenius ring extension such that AB is a generator
of Mod-B.
i) Then injectives generate for A if and only if injectives generate for B.
ii) Then projectives cogenerate for A if and only if projectives cogenerate for B.
Proof. Suppose injectives generate for A. Since HomA (BA,−) preserves injectives
and coproducts its image is contained in Loc (Inj-B). Furthermore as AB is a gener-
ator and BB is projective, BB is a direct summand of AB . Hence BB is contained in
Loc (Inj-B).
Since AB is a generator for Mod-B, HomZ (A,Q/Z) is a cogenerator for Mod-B.
Hence the projectives cogenerate statement follows from similar reasoning to the
above.
6 Excellent Extensions
Excellent extensions were first introduced by Passman [Pas77]. As stated in Example
5.2, excellent extensions are Frobenius extensions. However there are generalisa-
tions of excellent extensions which are not. We focus on two of these, namely finite
normalising extensions and almost excellent extensions [Xue96].
6.1 Finite Normalising Extensions
The first extension we consider is that of finite normalising extensions.
Definition 6.1 (Finite Normalising Extension). A ring extension A/B is a finite nor-
malising extension if there exist elements a1, a2, ..., an ∈ A such that A =
∑n
i=1 aiB
and aiB = Bai for all 1 ≤ i ≤ n.
Example 6.2. These examples and more can be found in [RS81].
• Let A be a finite dimensional algebra over a field k. Then A/k is a finite
normalising extension by the basis elements of A as a k-vector space. Fur-
thermore, the centre of A contains k so A/Z(A) is also a finite normalising
extension.
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• Let A and B be algebras over a field k with B finite dimensional. Then A⊗kB
is a finite normalising extension of B for the same reason as above.
• Let B be a ring and Ji be a finite collection of ideals of B such that
⋂
i∈I Ji =
0. Define A :=
∏
i∈I B/Ji, then we have that A/B is a finite normalising
extension where ai := (0, 0, ..., 1B , ..., 0) for 1B in the i
th position.
Lemma 6.3. [Sou87, Corollary 4], [Sha92, Proposition 2.1] Let A/B be a finite nor-
malising extension and NB a B-module. Then the following hold:
i) If N ⊗B A = 0 then NB = 0.
ii) If HomB (A, N) = 0 then NB = 0.
Hence both −⊗B A and HomB (AA,−) are faithful. In particular it follows from
adjunction that the restriction functor, HomA (BA,−) preserves both generators and
cogenerators. It should be noted that Kitamura independently proved the result that
HomA (BA,−) preserves generators for a generalised extension of finite normalised
extensions, [Kit81, Proposition 1.3].
Lemma 6.4. Let A/B be a finite normalising extension.
• If BA is flat and injectives generate for A then injectives generate for B.
• If AB is projective and projectives cogenerate for A then projectives cogenerate for
B.
Proof. Since BA is flat, − ⊗B A is exact and so HomA (BA,−) preserves injectives.
Hence the image of HomA (BA,−) is contained in Loc (Inj-B). In particular AA is a
generator for Mod-A thus HomA (BA, A) is a generator for Mod-B. Hence injectives
generate for B by Proposition 2.5.
The second statement is proved similarly using the cogenerator HomZ (A,Q/Z).
The tensor product algebra A ⊗k B is a finite normalising extension of B so we
can apply Lemma 6.4. In particular, this proves the converse statement to Proposi-
tion 3.2. So injectives generate for A⊗k B if and only if injectives generate for both
A and B and similarly for projectives cogenerate.
6.2 Almost Excellent Extensions
Almost excellent extensions were defined and studied by Xue [Xue96].
Definition 6.5 (Almost Excellent Extension). Let A/B be a finite normalising exten-
sion. Then A is an almost excellent extension of B if the following hold:
• The ring A is right B-projective.
• The module BA is flat and AB is projective.
An almost excellent extension has a stronger property than Frobenius extensions
in that any A-module is both relatively B-injective and relatively B-projective.
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Lemma 6.6. [Xue96] Let A/B be a ring extension such that A is right B-projective.
Then every A-module is both relatively B-injective and relatively B-projective.
Proof. Let us denote F := HomA (BA,−) and G := HomB (AA,−). Since (F,G) is
an adjoint pair for all A-modules MA, there exists a unit map ηM : M → GF (M).
In particular consider F (ηM ) : F (M) → FGF (M). Since (F,G) is an adjoint pair
ǫMF ◦ F (ηM ) = 1F splits so F (M) is isomorphic to a direct summand of FGF (M).
Furthermore this tells us F (ηM ) is monic and F is faithful so ηM is also monic.
Recall A is right B-projective, M is a submodule of GF (M) and F (M) is a direct
summand of FGF (M), so M is isomorphic to a direct summand of GF (M). Thus
MA is isomorphic to a direct summand of HomB (A,HomA (A,M)) as A-modules
andMA is relatively B-injective.
Proposition 6.7. Let A/B be an almost excellent extension.
i) Then injectives generate for A if and only if injectives generate for B.
ii) Then projectives cogenerate for A if and only if projectives cogenerate for B.
Proof. By Lemma 6.4, if injectives generate for A then injectives generate for B.
To prove the converse firstly note that, as AB is a finitely generated projective
HomB (AA,−) preserves coproducts. Moreover, as BA is flat HomB (AA,−) also
preserves injectives. Furthermore as every A-module is relatively B-injective, every
projective A-module certainly is. Thus this is the same proof as Proposition 5.5 for
Frobenius extensions.
7 Recollements
Recollements of triangulated categories were first introduced by Be˘ılinson, Bernstein
and Deligne [BBD82] to study derived categories of sheaves. Throughout we only
consider recollements of derived categories of the rings A, B and C.
Definition 7.1 (Recollement). Let A,B and C be rings. A recollement is a diagram
of triangle functors as in Figure 1 such that the following hold:
i) j∗ ◦ i∗ = 0.
ii) (i∗, i∗), (i∗, i
!), (j!, j
∗) and (j∗, j∗) are adjoint pairs.
iii) i∗, j! and j∗ are fully faithful.
iv) For every X ∈ D (Mod-A) there exist triangles:
j!j
∗X −→ X −→ i∗i
∗X −→ j!j
∗X[1] (1)
i∗i
!X −→ X −→ j∗j
∗X −→ i∗i
!X[1] (2)
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D (Mod-B) D (Mod-A) D (Mod-C)
i∗ = i! j
∗ = j!
i∗
i!
j!
j∗
Figure 1: Recollement of derived categories (R)
We will denote a recollement of the form in Figure 1 as (R). If a recollement
(R) exists then the properties of A, B and C are often related. This is useful since it
allows one to prove properties about A using, the usually simpler, B and C. This has
been exploited by Happel [Hap93, Theorem 2] and Chen and Xi [CX17] to prove
various statements about the finitistic dimension conjecture and recollements.
Example 7.2. One example of a recollement can be defined using triangular matrix
rings, [AHKLY17, Example 3.4]. Let B and C be rings and CMB a finitely generated
(C,B)-bimodule. Define A :=
(
C CMB
0 B
)
to be the triangular matrix ring. Then
A, B and C define a recollement (R). The functors of (R) are defined by using
idempotents of A. Let e1 :=
(
1 0
0 0
)
and e2 := 1 − e1. Then j! := − ⊗
L
C e1A and
i∗ := −⊗
L
B e2A. This follows from the work on stratified recollements in [AHKLY17].
This example of a ring construction is particularly useful since it contains a large
class of finite dimensional algebras defined as follows. Let A be a quiver algebra (a
path algebra with relations) and denote by QA the associated quiver with vertices
Q0. Suppose there exists a subset of vertices E such that there are no paths from
vertices ofQ0\E to vertices of E. Define e :=
∑
ei∈E
ei. Then eAe and (1−e)A(1−e)
are finite dimensional algebras with eA(1−e) a finitely generated (eAe, (1−e)A(1−
e))-bimodule. Moreover, (1 − e)Ae is zero as there are no paths from vertices of
Q0 \E to vertices of E. Thus the generalised matrix form of A is a triangular matrix
ring,
A =
(
eAe eA(1 − e)
(1− e)Ae (1− e)A(1 − e)
)
=
(
eAe eA(1− e)
0 (1− e)A(1 − e)
)
This class of algebras is equivalent to the class of quiver algebras A which have
associated quivers that can be drawn as follows for some e constructed as above,
QeAe Q(1−e)A(1−e)
Recollements can also be defined on derived categories with different bounded-
ness conditions. Throughout this section for ∗ ∈ {−,+, b} we denote (R∗) to be a
recollement of bounded above, bounded below and bounded derived module cat-
egories respectively. We will consider the cases when a recollement (R) restricts
to a recollement (R∗). It is also possible to lift from a bounded above or bounded
recollement to an unbounded recollement.
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Proposition 7.3. [AHKLY17, Proposition 4.1] Let A, B and C be rings and ∗ ∈ {−, b}.
i) Any recollement
D∗ (Mod-B) D∗ (Mod-A) D∗ (Mod-C)
i∗
′ = i!
′ j∗′ = j!
′
i∗′
i!
′
j!
′
j∗
′
can be lifted to a recollement
D (Mod-B) D (Mod-A) D (Mod-C)
i∗ = i! j
∗ = j!
i∗
i!
j!
j∗
such that j′!(C)
∼= j!(C), i
′
∗(B)
∼= i∗(B) and j
′
∗(C)
∼= j∗(C).
ii) The lifted recollement restricts, up to equivalence, to the original recollement.
In this section we will prove many results about the dependence of A, B and
C on each other with regards to ‘injectives generate’ and ‘projectives cogenerate’
statements. In Theorem 7.4 we collate the most useful results.
Theorem 7.4. Let (R) be an unbounded recollement.
i) Let injectives generate for both B and C. If one of the following conditions holds
then injectives generate for A.
a) The recollement (R) is in a ladder of height greater than or equal to 2.
[Proposition 7.11]
b) The recollement (R) restricts to a bounded below recollement (R+). [Propo-
sition 7.17]
c) The recollement (R) restricts to a bounded above recollement (R−) and A is
a finite dimensional algebra over a field. [Proposition 7.15]
ii) Let projectives cogenerate for both B and C. If one of the following conditions
holds then projectives cogenerate for A.
a) The recollement (R) is in a ladder of height greater than or equal to 2.
[Proposition 7.11]
b) The recollement (R) restricts to a bounded above recollement (R−). [Propo-
sition 7.15]
c) The recollement (R) restricts to a bounded below recollement (R+) and A is
a finite dimensional algebra over a field. [Proposition 7.17]
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To prove Theorem 7.4 we require some technical results which we state and
prove now. We prove these results by exploiting the fact there are four pairs of
adjoint functors in a recollement. Thus we can use the ideas in Section 2 to show
these functors preserve many properties. We collate these ideas in Table 1 for easy
reference.
Property Functors with this property
Preserves products i∗, i
!, j∗, j∗.
Preserves coproducts i∗, i∗, j!, j
∗.
Preserves compact objects i∗, j!.
Preserves complexes bounded in homology i∗, j
∗.
Preserves complexes bounded above in homology i∗, i∗, j!, j
∗.
Preserves complexes bounded below in homology i∗, i
!, j∗, j∗.
Preserves bounded complexes of projectives i∗, j!.
Preserves bounded complexes of injectives i!, j∗.
Essentially surjective i∗, i!, j∗.
Fully faithful i∗, j!, j∗.
Table 1: Properties of the triangle functors in a recollement
Proposition 7.5. Let (R) be a recollement.
i) If the image of i∗ is contained in Loc (Inj-A) and injectives generate for C then
injectives generate for A.
ii) If the image of i∗ is contained in Coloc (Proj-A) and projectives cogenerate for C
then projectives cogenerate for A.
Proof. Let the image of i∗ be contained in Loc (Inj-A). Let K ∈ D (Mod-C) be a
bounded complex of injectives. Consider the triangle
i∗i
∗(j∗(K)) −→ j∗(K) −→ j!j
∗(j∗(K)) −→ i∗i
∗(j∗(K))[1]. (3)
Since j∗ preserves bounded complexes of injectives, j∗(K) ∈ Loc (Inj-A). Hence
triangle 3 implies j!j
∗(j∗(K)) ∈ Loc (Inj-A). Recall j∗ is fully faithful so j!j
∗j∗(K) ∼=
j!(K). Thus j! maps bounded complexes of injectives to Loc (Inj-A).
Suppose injectives generate for C. Then j! preserves coproducts and maps injec-
tive C-modules to Loc (Inj-A). Hence by Proposition 2.5 the image of j! is contained
in Loc (Inj-A).
Thus the images of both i∗ and j! are contained in Loc (Inj-A) so for all X ∈
D (Mod-A) both i∗i
∗(X), j!j
∗(X) ∈ Loc (Inj-A). So injectives generate for A using
the triangle,
i∗i
∗(X) −→ X −→ j!j
∗(X) −→ i∗i
∗(X)[1]
The second result follows similarly.
Lemma 7.6. Let (R) be a recollement.
i) If j∗ preserves bounded complexes of injectives and injectives generate for A then
injectives generate for C.
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ii) If j∗ preserves bounded complexes of projectives and projectives cogenerate for A
then projectives cogenerate for C.
Proof. Suppose injectives generate for A. Since j∗ preserves bounded complexes
of injectives and coproducts, its image is contained in Loc (Inj-C). Furthermore j∗
is essentially surjective as it is right adjoint to j! which is fully faithful. Thus the
image of j∗ contains D (Mod-C) and D (Mod-C) is contained in Loc (Inj-C). Hence
injectives generate for C.
The proof of the second statement is similar.
Proposition 7.7. Let (R) be a recollement.
i) If i∗ preserves bounded complexes of injectives then the following hold:
(a) If injectives generate for both B and C then injectives generate for A.
(b) If injectives generate for A then injectives generate for C.
ii) If i∗ preserves bounded complexes of projectives then the following hold:
(a) If projectives cogenerate for both B and C then projectives cogenerate for A.
(b) If projectives cogenerate for A then projectives cogenerate for C.
Proof. We prove the first two statements as the others follow similarly.
Firstly, suppose injectives generate for both B and C. Since i∗ preserves bounded
complexes of injectives and coproducts, we apply Proposition 2.5 to show the image
of i∗ is contained in Loc (Inj-A). Hence we can apply Proposition 7.5 and injectives
generate for A.
Secondly, let i∗ preserve bounded complexes of injectives. Then we claim j
∗ also
preserves bounded complexes of injectives. Since j∗ preserves complexes bounded
in homology, by Lemma 2.7, j! preserves bounded above complexes and j∗ pre-
serves bounded below complexes. Furthermore, since i∗ preserves bounded com-
plexes of injectives, by Lemma 2.7, i∗ preserves bounded below complexes. Let
Z ∈ D (Mod-C) be bounded below and consider the triangle:
j!j
∗(j∗(Z)) −→ j∗(Z) −→ i∗i
∗(j∗(Z)) −→ j!j
∗(j∗(Z))[1].
Since i∗, i
∗ and j∗ all preserve bounded below complexes, by the triangle, j! also
does. Hence j! preserves both bounded above and bounded below complexes. Thus
j! preserves complexes bounded in homology and j
∗ preserves bounded complexes
of injectives. Hence the statement follows immediately from Lemma 7.6.
Lemma 7.8. Let (R) be a recollement.
i) Let injectives generate for A. Then injectives generate for B if one of the following
two conditions holds:
(a) The functor i! preserves coproducts.
(b) For any bounded complex of injectives I ∈ D (Mod-A), we have
i∗(I) ∈ Loc (Inj-B).
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ii) Let projectives cogenerate for A. Then projectives cogenerate for B if one of the
following two conditions holds:
(a) The functor i∗ preserves products.
(b) For any bounded complex of projectives P ∈ D (Mod-A), we have
i!(P ) ∈ Coloc (Proj-B).
Proof. Since i∗ is fully faithful both i
∗ and i! are essentially surjective. Hence if
either the image of i∗ or the image of i! is contained in Loc (Inj-B) then D (Mod-B)
is contained in Loc (Inj-B) and injectives generate for B. The two statements are
sufficient conditions for this to happen using Proposition 2.5.
The idea is similar for the second statement.
7.1 Ladders of Recollements
Let us fix rings A, B and C. A ladder of recollements is a collection of finitely
or infinitely many rows of triangle functors between D (Mod-A), D (Mod-B) and
D (Mod-C), of the form given in Figure 2, such that any three consecutive rows
form a recollement. This definition is taken from [AHKLY17, Section 3]. The height
of a ladder is the number of distinct recollements it contains.
D (Mod-B) D (Mod-A) D (Mod-C)
in jn
jn−1 in−1
jn+1 in+1
in−2
in+2 jn+2
jn−2
Figure 2: Ladder of recollements
Proposition 7.9. [AHKLY17, Proposition 3.2] Let (R) be a recollement.
i) The recollement (R) can be extended down one step if and only if j∗ (equivalently
i!) has a right adjoint. This occurs exactly when j∗ (equivalently i∗) preserves
compact objects.
ii) The recollement (R) can be extended up one step if and only if j! (equivalently i
∗)
has a left adjoint. If A is a finite dimensional algebra over a field this occurs ex-
actly when j! (equivalently i
∗) preserves bounded complexes of finitely generated
modules.
If the recollement (R) can be extended one step down then we have a recolle-
ment (R↓) as in Figure 3.
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D (Mod-B) D (Mod-A) D (Mod-C)
Left
Right
i∗ = i! j
∗ = j!
i∗
i!
j!
j∗
i↓ j↓
Figure 3: Recollement of derived categories extended one step down (R↓)
Example 7.10. The triangular matrix ring defines a recollement (R) as seen in Ex-
ample 7.2. We claim this recollement extends down by one step. Recall i∗ :=
− ⊗LB e2A where e2 =
(
0 0
1 0
)
. In particular note that e2AA is a finitely gener-
ated projective A-module so i! = HomA (e2A,−) is exact and preserves coproducts.
Hence i∗ preserves compact objects by Lemma 2.7. Thus we can apply Proposition
7.9 to show (R) extends down one row.
Proposition 7.11. Let (R) be the top recollement in a ladder of height 2. With notation
as in (R↓) the following hold:
i) If injectives generate for A then injectives generate for B.
ii) If injectives generate for both B and C then injectives generate for A.
iii) If projectives cogenerate for A then projectives cogenerate for C.
iv) If projectives cogenerate for both B and C then projectives cogenerate for A.
Proof. Since (R) extends down one row i! has a right adjoint and so preserves co-
products. Hence we apply Lemma 7.8 to show injectives generate for B if injectives
generate for A.
The bottom recollement of the ladder is a recollement as in (R) but with the
positions of B and C swapped. Hence in this bottom recollement j∗ acts as i∗ in the
recollement (R). Moreover, j∗ preserves bounded complexes of injectives. Thus we
apply Proposition 7.7 to prove injectives generate for A if injectives generate for B
and C.
Example 7.12. By Proposition 7.11 it follows immediately that for any triangular
matrix ring A =
(
C CMB
0 B
)
if injectives generate for B and C then injectives
generate for A.
Furthermore, we can apply this to the class of algebras defined in Example 7.2.
This implies that injectives generate for all finite dimensional algebras over fields if
and only if injectives generate for all quiver algebras with associated quivers such
that for any ordered pair of vertices (ei, ej) there exists a non zero directed path
from ei to ej .
19
CHARLEY CUMMINGS
Lemma 7.13. Let (R) be a recollement in a ladder of height ≥ 3.
i) Then injectives generate for A if and only if injectives generate for both B and C.
ii) Then projectives cogenerate for A if and only if projectives cogenerate for both B
and C.
Proof. If the recollement is in a ladder of height greater than 3 then there are at least
two distinct ladders of recollements of height 2. One with B on the left as in (R↓)
and another with B and C swapped. Hence we can apply Proposition 7.11 to both
(R↓) and the swapped version of (R↓) to get the desired result.
7.2 Bounded Above Recollements
In this section we consider the case of a recollement which restricts to a bounded
above recollement. In particular we use a classification by [AHKLY17].
Proposition 7.14. [AHKLY17, Proposition 4.11] Let (R) be a recollement. Then the
following are equivalent:
i) The recollement (R) restricts to a bounded above recollement (R−), see Figure 4.
ii) The functor i∗ preserves bounded complexes of projectives.
If A is a finite dimensional algebra over a field then both conditions are equivalent to:
iii) The functor i∗ preserves compact objects.
D− (Mod-B) D− (Mod-A) D− (Mod-C)
i∗ = i! j
∗ = j!
i∗
i!
j!
j∗
Figure 4: Recollement of bounded above derived categories (R−)
Note if i∗(B) is compact then the recollement (R) also extends one step down-
wards by Proposition 7.9 [AHKLY17, Proposition 3.2].
Proposition 7.15. Let (R) be a recollement that restricts to a bounded above recolle-
ment (R−). Then the following hold:
i) If projectives cogenerate for B and C then projectives cogenerate for A.
ii) If projectives cogenerate for A then projectives cogenerate for C.
Moreover, if A is a finite dimensional algebra over a field then the following hold:
iii) If injectives generate for A then injectives generate for B.
iv) If injectives generate for B and C injectives generate for A.
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Proof. Since (R−) is a recollement of bounded above derived categories i∗ preserves
bounded complexes of projectives [AHKLY17, Proposition 4.11]. Hence we apply
Proposition 7.7 to get (i). Furthermore, if A is a finite dimensional algebra over a
field then i∗ preserves compact objects. Then the recollement also extends down by
one and we apply Proposition 7.11.
7.3 Bounded Below Recollements
Similarly to the last section we consider bounded below recollements. First we
prove an analogous statement to Proposition 7.15 about the conditions under which
a recollement (R) restricts to a recollement (R+), Figure 5.
D+ (Mod-B) D+ (Mod-A) D+ (Mod-C)
i∗ = i! j
∗ = j!
i∗
i!
j!
j∗
Figure 5: Recollement of bounded below derived categories (R+)
Proposition 7.16. Let (R) be a recollement. Then the following are equivalent:
i) The recollement (R) restricts to a bounded below recollement (R+), see Figure 5.
ii) The functor i∗ preserves bounded complexes of injectives.
If A is a finite dimensional algebra over a field then both conditions are equivalent to:
iii) The functor j! preserves bounded complexes of finitely generated modules.
Proof. Let i∗ preserve bounded complexes of injectives. Then by the proof of Propo-
sition 7.7 all six functors preserve bounded below complexes. Hence the recollement
(R) restricts to a bounded below recollement (R+).
For the converse statement, suppose (R) restricts to a bounded below recolle-
ment (R+), that is all six functors preserve bounded below complexes. Since i∗
preserves complexes with homology bounded in degree by Lemma 2.7, i∗ preserves
bounded above complexes. Hence i∗ preserves both bounded above and bounded
below complexes. Thus i∗ preserves complexes with homology bounded in degree
and by Lemma 2.7, i∗ preserves bounded complexes of injectives.
Finally, let A be a finite dimensional algebra and that (R) restricts to (R+). Let
X ∈ Db (mod-C) be a bounded complex of finitely generated A-modules. Since A
is a finite dimensional algebra over a field, j!(X) is a bounded above complex of
finitely generated modules by [AHKLY17, Lemma 2.10 (b)]. Suppose (R) restricts
to a bounded below recollement (R+). Then j! preserves bounded below complexes
so j!(X) is bounded below. Hence we can truncate j!(X) from below and j!(X) is
quasi-isomorphic to a bounded complex of finitely generated A-modules. Thus by
Proposition 7.9, (R+) extends one row upwards.
The converse follows immediately from Proposition 7.9.
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We can use these results to get an analogous statement to Proposition 7.15 about
bounded below recollements.
Proposition 7.17. Let (R) be a recollement that restricts to a bounded below recolle-
ment (R+). Then the following hold:
i) If injectives generate for B and C then injectives generate for A.
ii) If injectives generate for A then injectives generate for C.
Moreover, if A is a finite dimensional algebra over a field then the following hold:
iii) If projectives cogenerate for A then projectives cogenerate for B.
iv) If projectives cogenerate for B and C projectives cogenerate for A.
Proof. The proof is dual to the proof of Proposition 7.15.
7.4 Bounded Recollements
Finally we consider the case of a recollement (R) which restricts to a bounded rec-
ollement (Rb), Figure 6. Since all the functors must preserve complexes bounded in
homology the middle functors i∗ and j
∗ must also preserve bounded complexes of
injectives and projectives.
Db (Mod-B) Db (Mod-A) Db (Mod-C)
i∗ = i! j
∗ = j!
i∗
i!
j!
j∗
Figure 6: Recollement of bounded derived categories (Rb)
Proposition 7.18. Let (R) be a recollement that restricts to a bounded recollement
(Rb). Then the following hold:
i) If injectives generate for both B and C then injectives generate for A.
ii) If injectives generate for A then injectives generate for C.
iii) If projectives cogenerate for both B and C then projectives cogenerate for A.
iv) If projectives cogenerate for A then projectives cogenerate for C.
Moreover, if A is a finite dimensional algebra over a field then the following hold:
i) Injectives generate for A if and only if injectives generate for both B and C.
ii) Projectives cogenerate for A if and only if projectives cogenerate for both B and
C.
Proof. Since (Rb) is a recollement of bounded derived categories both i∗ and i! pre-
serve bounded complexes. Hence i∗ preserves both bounded complexes of injectives
and bounded complexes of projectives. Thus the results follow immediately from
Proposition 7.17 and Proposition 7.15.
22
RING CONSTRUCTIONS AND GENERATION OF THE UNBOUNDED DERIVED MODULE CATEGORY
References
[AHKLY17] Lidia Angeleri Hu¨gel, Steffen Koenig, Qunhua Liu, and Dong Yang. Lad-
ders and simplicity of derived module categories. Journal of Algebra,
472:15–66, 2017.
[Bas60] Hyman Bass. Finitistic dimension and a homological generalization of
semi-primary rings. Transactions of the American Mathematical Society,
95:466–488, 1960.
[BBD82] A. A. Be˘ılinson, J. Bernstein, and P. Deligne. Faisceaux pervers. In
Analysis and topology on singular spaces, I (Luminy, 1981), volume 100
of Aste´risque, pages 5–171. Soc. Math. France, Paris, 1982.
[BF93] Allen D. Bell and Rolf Farnsteiner. On the theory of Frobenius extensions
and its application to Lie superalgebras. Transactions of the American
Mathematical Society, 335(1):407–424, 1993.
[CX17] Hong Xing Chen and Chang Chang Xi. Recollements of derived cat-
egories III: finitistic dimensions. Journal of the London Mathematical
Society. Second Series, 95(2):633–658, 2017.
[Hap93] Dieter Happel. Reduction techniques for homological conjectures.
Tsukuba Journal of Mathematics, 17(1):115–130, 1993.
[HS12] Zhaoyong Huang and Juxiang Sun. Invariant properties of representa-
tions under excellent extensions. Journal of Algebra, 358:87–101, 2012.
[Kad99] Lars Kadison. New examples of Frobenius extensions, volume 14 of Uni-
versity Lecture Series. American Mathematical Society, Providence, RI,
1999.
[Kas54] Friedrich Kasch. Grundlagen einer Theorie der Frobeniuserweiterun-
gen. Mathematische Annalen, 127:453–474, 1954.
[Kel01] Bernhard Keller. Unbounded derived categories and homological con-
jectures. Talk at summer school on ”Homological conjectures for finite
dimensional algebras”, Nordfjordeid, 2001.
[Kit81] Yoshima Kitamura. Quasi-Frobenius extensions with Morita duality.
Journal of Algebra, 73(2):275–286, 1981.
[Koe91] Steffen Koenig. Tilting complexes, perpendicular categories and rec-
ollements of derived module categories of rings. Journal of Pure and
Applied Algebra, 73(3):211–232, 1991.
[Lin11] Markus Linckelmann. Finite generation of Hochschild cohomology of
Hecke algebras of finite classical type in characteristic zero. Bulletin of
the London Mathematical Society, 43(5):871–885, 2011.
[Mor67] Kiiti Morita. The endomorphism ring theorem for Frobenius extensions.
Mathematische Zeitschrift, 102:385–404, 1967.
23
CHARLEY CUMMINGS
[Mu¨l64] Bruno Mu¨ller. Quasi-Frobenius-Erweiterungen. Mathematische
Zeitschrift, 85:345–368, 1964.
[NT59] Tadasi Nakayama and Tosiro Tsuzuku. A remark on Frobenius exten-
sions and endomorphism rings. Nagoya Mathematical Journal, 15:9–16,
1959.
[NT60] Tadasi Nakayama and Tosiro Tsuzuku. On Frobenius extensions. I.
Nagoya Mathematical Journal, 17:89–110, 1960.
[NT61] Tadasi Nakayama and Tosiro Tsuzuku. On Frobenius extensions. II.
Nagoya Mathematical Journal, 19:127–148, 1961.
[Pas77] Donald S. Passman. The algebraic structure of group rings. Pure and Ap-
plied Mathematics. Wiley-Interscience [John Wiley & Sons], New York-
London-Sydney, 1977.
[Ric89] Jeremy Rickard. Morita theory for derived categories. Journal of the
London Mathematical Society. Second Series, 39(3):436–456, 1989.
[Ric18] Jeremy Rickard. Unbounded derived categories and the finitistic di-
mension conjecture. arXiv:1804.09801, 2018.
[RS81] J. C. Robson and Lance W. Small. Liberal extensions. Proceedings of the
London Mathematical Society. Third Series, 42(1):87–103, 1981.
[Sha92] Ahmad Shamsuddin. Finite normalizing extensions. Journal of Algebra,
151(1):218–220, 1992.
[Sou87] Laila Soueif. Normalizing extensions and injective modules, essen-
tially bounded normalizing extensions. Communications in Algebra,
15(8):1607–1619, 1987.
[Xi00] Changchang Xi. On the representation dimension of finite dimensional
algebras. Journal of Algebra, 226(1):332–346, 2000.
[Xue96] Weimin Xue. On almost excellent extensions. Algebra Colloquium,
3(2):125–134, 1996.
C. CUMMINGS, SCHOOL OF MATHEMATICS, UNIVERSITY OF BRISTOL, BRISTOL, BS8 1TW, UK
E-mail address: c.cummings@bristol.ac.uk
24
